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Abstract
In this contribution, we investigate a delayed diﬀerence almost periodic system for
the growth of two species of plankton with competition and allelopathic eﬀects on
each other. By using the methods of Lyapunov function and preliminary lemmas,
suﬃcient conditions which guarantee the existence and uniformly asymptotic
stability of a unique positive almost periodic solution of the system are established.
An example together with its numerical simulations is presented to verify the validity
of the proposed criteria.
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1 Introduction
Allelopathy is a biological phenomenon by which individuals of a population release one
or more biochemicals that have an eﬀect on the growth, survival, and reproduction of
the individuals of another population. As an important factor for ecosystem function-
ing, allelopathic interactions have occurred in various aspects: between bacteria [], be-
tween bacteria and phytoplankton [, ], between phytoplankton and zooplankton [], and
also between calanoid copepods []. Especially, allelopathic interactions are widespread in
phytoplankton communities, which deeply attract the attention of researchers. Thus, in
aquatic ecology, the study of tremendous ﬂuctuations in abundance of many phytoplank-
ton communities is a signiﬁcant theme. Recently, many workers have been aware that the
increased population of one species of phytoplankton might restrain the growth of one
or several other species by the production of allelopathic toxins. For detailed literature
studies, we can refer to [–] and the references cited therein.
In [], Qin and Liu discussed the permanence and global attractivity of the following
delay diﬀerence system with plankton allelopathy:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
x(n + ) = x(n) exp{r(n) – a(n)x(n) – a(n)x(n)
– b(n)x(n)
∑M
p= k(p)x(n – p)},
x(n + ) = x(n) exp{r(n) – a(n)x(n) – a(n)x(n)
– b(n)x(n)
∑M
p= k(p)x(n – p)},
xi()≥ ,  ∈ [–p, ]∩Z; xi() > , i = , ,
(.)
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where xi(n) are the population densities of species xi at the nth generation, ri(n) stand for
the intrinsic growth rates of species xi at the nth generation, aii(n) are the intra-speciﬁc
eﬀects of the nth generation of species xi on own population, and aij(n) measure the inter-
speciﬁc eﬀects of the nth generation of species xj on species xi, bi(n)xi(n)
∑M
p= kj(p)xj(n–
p) denote the eﬀect of toxic substances (i, j = , ; i = j),M is a positive integer.
Notice that the environment varies due to the factors such as seasonal eﬀects and vari-
ations in weather conditions, food supplies, mating habits, harvesting etc. Thus it is rea-
sonable to assume that the parameters in system (.) are periodic. However, if the various
constituent components of the temporally nonuniform environment is with incommen-
surable periods (non-integral multiples), then we have to consider the environment to be
almost periodic, which leads to the almost periodicity of the parameters of system (.).
The main purpose is to establish suﬃcient conditions for the existence and uniformly
asymptotic stability of a unique positive almost periodic solution of system (.). To do so,
we assume that {ri(n)}, {aij(n)} and {bi(n)} for i, j = ,  are bounded nonnegative almost
periodic sequences, ki(p), i = , , is a bounded positive sequence.
Many recent works have been done on the existence and stability of almost periodic so-
lutions for the discrete biological models without or with time delays (see [–]). How-
ever, to the best of our knowledge, there are few published papers concerning the above
almost periodic system (.). For the sake of simplicity and convenience, in the following












where {h(n)} is a bounded sequence deﬁned on the set of nonnegative integers Z+. Mean-
while, we make a convention that
∑b
n=a h(n) =  if a > b.
The rest of this paper is organized as follows. In Section , we introduce some notations,
deﬁnitions and lemmas which are useful for our main results. Suﬃcient conditions for the
existence and uniformly asymptotic stability of a unique positive almost periodic solution
of system (.) are established in Section . In Section , an example and its numerical
simulations are presented to illustrate the feasibility of our main results. Finally, we give
some proofs of theorems in the appendices for convenience in reading.
2 Preliminaries
In this section, we give some notations, deﬁnitions and lemmas which will be useful for
the later sections.
Denote byR,R+, Z and Z+ the sets of real numbers, nonnegative real numbers, integers
and nonnegative integers, respectively. R and Rk denote the cone of a two-dimensional
and k-dimensional real Euclidean space, respectively. We also set
[c,d]Z = [c,d]∩Z, c,d ∈ Z, K = [–M, +∞)Z ,
whereM is deﬁned in (.).
Deﬁnition . (see []) A sequence y : Z→ Rk is called an almost periodic sequence if
the ε-translation set of y
E{ε, y} := {τ ∈ Z : ∣∣y(n + τ ) – y(n)∣∣ < ε,∀n ∈ Z}
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is a relatively dense set in Z for all ε > ; that is, for any given ε > , there exists an integer
l(ε) >  such that each interval of length l(ε) contains an integer τ = τ (ε) ∈ E{ε, y} such
that
∣∣y(n + τ ) – y(n)∣∣ < ε, ∀n ∈ Z.
τ is called the ε-translation number of y(n).
Deﬁnition . (see []) Let g : Z × D → Rk , where D is an open set in C := {φ :
[–τ , ]Z → Rk}. g(n,φ) is said to be almost periodic in n uniformly for φ ∈ D if for any
ε >  and any compact set S in D, there exists a positive integer l(ε,S) such that any inter-
val of length l(ε,S) contains an integer τ for which
∣∣g(n + τ ,φ) – g(n,φ)∣∣ < ε, ∀n ∈ Z,φ ∈ S.
τ is called the ε-translation number of g(n,φ).
Lemma . (see []) {y(n)} is an almost periodic sequence if and only if for any sequence
{p′k} ⊂ Z there exists a subsequence {pk} ⊂ {p′k} such that y(n + pk) converges uniformly on
n ∈ Z as k → ∞. Furthermore, the limit sequence is also an almost periodic sequence.
Consider the following almost periodic delay diﬀerence system:
y(n + ) = g(n, yn), n ∈ Z+, (.)
where
g : Z+ ×CB →R, CB =
{
φ ∈C : ‖φ‖ < B},C = {φ : [–τ , ]Z →R},
with ‖φ‖ = sups∈[–τ ,]Z |φ(s)|, g(n,φ) is almost periodic in n uniformly for φ ∈ CB and is
continuous in φ, while yn ∈CB is deﬁned as yn(s) = y(n + s) for all s ∈ [–τ , ]Z.
The product system of (.) is in the form of
y(n + ) = g(n, yn), z(n + ) = g(n, zn). (.)
A discrete Lyapunov function of (.) is a function V : Z+ ×CB ×CB →R+ which is con-




n + , yn+(n,φ), zn+(n,ψ)
)
–V (n,φ,ψ),
where (y(n,φ), z(n,ψ)) is a solution of system (.) through (n, (φ,ψ)), φ,ψ ∈ CB. And
Zhang and Zheng [] obtained the following lemma.
Lemma . (see []) Suppose that there exists a Lyapunov function V (n,φ,ψ) satisfying
the following conditions:
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() a(|φ() –ψ()|)≤ V (n,φ,ψ)≤ b(‖φ –ψ‖), where a,b ∈P with
P = {α : [,∞)→ [,∞)|α() =  and α(u) is continuous, increasing in u}.
() |V (n,φ,ψ) –V (n,φ,ψ)| ≤ L(‖φ – φ‖ + ‖ψ –ψ‖), where L >  is a constant.
() V(.)(n,φ,ψ)≤ –γV (n,φ,ψ), where  < γ <  is a constant.
Moreover, if there exists a solution y(n) of system (.) such that ‖yn‖ ≤ B∗ < B for all n ∈ Z+,
then there exists a unique uniformly asymptotically stable almost periodic solution q(n) of
system (.) which satisﬁes |q(n)| ≤ B∗ for all n ∈K. In particular, if g(n,φ) is periodic with
period ω, then system (.) has a unique uniformly asymptotically stable periodic solution
with period ω.
Remark . (see []) From the proof of [, Theorem .], it is not diﬃcult to prove that
condition () of Lemma . can be replaced by the following condition:
()′ V(.)(n,φ,ψ) ≤ –c(|φ() – ψ()|), where c ∈ {β : [,∞) → [,∞)|β is continuous,
β() =  and β(s) >  for s > }.
Deﬁnition . (see []) System (.) is said to be permanent if there exist positive con-
stantsMi andMi such that
Mi ≤ lim infn→+∞ xi(n)≤ lim supn→+∞ xi(n)≤Mi, i = , 
for any positive solution (x(n),x(n)) of system (.).
Lemma . (see []) Assume that
min
{



























exp[(rli – auijMj)( –iMi)]
i
, (.)
where i, j = , , i = j.
3 Main result
According to (.) and (.), we denote by the set of all solutions (x(n),x(n)) of system
(.) satisfyingmi ≤ xi(n)≤Mi, i = , , for all n ∈K. From Lemma ., we ﬁrst prove that
there exists a bounded solution of system (.) and then construct a suitable Lyapunov
function for system (.).
Wang and Liu Advances in Diﬀerence Equations 2013, 2013:283 Page 5 of 14
http://www.advancesindifferenceequations.com/content/2013/1/283
Theorem . If conditions (.) are satisﬁed, then  = φ.
The proof of Theorem . is given in Appendix .
Theorem . If conditions (.) and
 –max
(∣∣ – alm∣∣, ∣∣ – auM∣∣) – (bu ku + buku )(M + )MM – auM > ,
 –max
(∣∣ – alm∣∣, ∣∣ – auM∣∣) – (bu ku + buku )(M + )MM – auM >  (.)
are satisﬁed, then system (.) possesses a unique almost periodic solution (x∗ (n),x∗(n)),
and it is uniformly asymptotically stable within .
The proof of Theorem . is given in Appendix .
4 Example and numerical simulations
In this section, to verify the validity of our main results, we give an example and its corre-
sponding numerical simulations.
Example . Consider the following discrete system with a delay:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
x(n + ) = x(n) exp{. + . sin(
√
nπ ) – (. – . sin(
√
nπ ))x(n)
– (. + . sin(
√
nπ ))x(n)
– (. – . cos(
√
nπ ))x(n)[.x(n) + .x(n – )]},
x(n + ) = x(n) exp{. + . cos(
√
nπ )
– (. + . cos(
√
nπ ))x(n)
– (. + . sin(
√
nπ ))x(n)
– (. + . sin(
√
nπ ))x(n)[.x(n) + .x(n – )]},
(.)
with the following initial conditions:
x∗ (–) = ., x∗ () = ., x∗(–) = ., x∗() = .. (.)
By a computation, we get
M ≈ ., M ≈ ., m ≈ .,
m ≈ .,  ≈ .,  ≈ .,
rl – auM ≈ . > , rl – auM ≈ . > ,





rl – auM, rl – auM
}
> , min{M,M} > . (.)
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Figure 1 Positive almost periodic solution of system (4.1). (a) Time-series x∗1 (n) with initial values
x∗1 (–1) = 1.06, x∗1 (0) = 1.02 for n ∈ [0, 100]. (b) Time-series x∗2 (n) with initial values x∗2 (–1) = 0.85, x∗2 (0) = 0.98 for
n ∈ [0, 100].
A further calculation shows that
 –max
(∣∣ – alm∣∣, ∣∣ – auM∣∣)
–
(
bu ku + buku
)
(M + )MM – auM ≈ . > ,
 –max
(∣∣ – alm∣∣, ∣∣ – auM∣∣)
–
(
bu ku + buku
)
(M + )MM – auM ≈ . > .
(.)
Clearly, the assumptions of Theorem . are satisﬁed, and hence system (.) has a unique
uniformly asymptotically stable positive almost periodic solution. From Figure , we
can see that there exists a positive almost periodic solution (x∗ (t),x∗(t)), and the two-
dimensional and three-dimensional phase portraits of almost periodic system (.) are
revealed in Figure , respectively. Figure  shows that any positive solution (x(n),x(n))
tends to the almost periodic solution (x∗ (n),x∗(n)).
Appendix 1: Proof of Theorem 3.1
By the almost periodicity of {ri(n)}, {aij(n)} and {bi(n)}, i, j = , , any sequence {τk} ⊂ Z+,
with τk → +∞ as k → +∞, is such that
ri(n + τk)→ ri(n), aij(n + τk)→ aij(n), bi(n + τk)→ bi(n), i, j = , , (A.)
as k → +∞ for n ∈ Z+. Let ε be an arbitrary small positive number. It follows from (.)
and (.) that there exists a positive integer N such that
mi – ε ≤ xi(n)≤Mi + ε for all n >N. (A.)
Let xik(n) = xi(n + τk) for n ≥ N + M – τk , k = , , . . . . For any positive integer q, we
can see that there exists a sequence {xik(n) : k ≥ q} such that the sequence {xik(n)} has a
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Figure 2 Phase portrait. (a) Two-dimensional phase portrait of almost periodic system (4.1). Time-series
x∗1 (n) and x∗2 (n) with initial values x∗1 (–1) = 1.06, x∗1 (0) = 1.02, x∗2 (–1) = 0.85, x∗2 (0) = 0.98 for n ∈ [0, 100].
(b) Three-dimensional phase portrait of almost periodic system (4.1). Time-series x∗1 (n) and x∗2 (n) with the
above initial values for n ∈ [0, 100].
Figure 3 Uniformly asymptotic stability. (a) Time-series x∗1 (n) with initial values x∗1 (–1) = 1.06, x∗1 (0) = 1.02
and x1(n) with initial values x1(–1) = 0.87, x1(0) = 0.92 for n ∈ [0, 100], respectively. (b) Time-series x∗2 (n) with
initial values x∗2 (–1) = 0.85, x∗2 (0) = 0.98 and x2(n) with initial values x2(–1) = 1.15, x2(0) = 1.25 for n ∈ [0, 100],
respectively.
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subsequence, denoted by {xik(n)} again, converging on any ﬁnite interval ofK as k → +∞.
So, we have a sequence {yi(n)}, i = , , satisfying
xik(n)→ yi(n) for n ∈K as k → +∞, (A.)
which, together with (A.) and
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
xk(n + ) = xk(n) exp{r(n + τk) – a(n + τk)xk(n) – a(n + τk)xk(n)
– b(n + τk)xk(n)
∑M
p= k(p)xk(n – p)},
xk(n + ) = xk(n) exp{r(n + τk) – a(n + τk)xk(n) – a(n + τk)xk(n)
– b(n + τk)xk(n)
∑M





y(n + ) = y(n) exp{r(n) – a(n)y(n) – a(n)y(n)
– b(n)y(n)
∑M
p= k(p)y(n – p)},
y(n + ) = y(n) exp{r(n) – a(n)y(n) – a(n)y(n)
– b(n)y(n)
∑M
p= k(p)y(n – p)}.
(A.)
We can easily see that (y(n), y(n)) is a solution of system (.) andmi – ε ≤ yi(n)≤Mi + ε
for n ∈K. Since ε is small enough, it follows that
mi ≤ yi(n)≤Mi, i = ,  for n ∈K.
This completes the proof.
Appendix 2: Proof of Theorem 3.2
We ﬁrst make the change of variables
p(n) = lnx(n), p(n) = lnx(n).
It follows from system (.) that
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩









From Theorem ., it is easy to see that system (B.) has a bounded solution (p(n),p(n))
satisfying
lnm ≤ p(n)≤ lnM, lnm ≤ p(n)≤ lnM for all n ∈K. (B.)
Thus |p(n)| ≤ A, |p(n)| ≤ A, where Ai = max{| lnmi|, | lnMi|}, i = , . Suppose that
Yn(s) = (p(n + s),p(n + s)), Zn(s) = (q(n + s),q(n + s)) (n ∈ Z+, s ∈ [–M, ]Z) are any two
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solutions of system (B.) deﬁned on S, where S = {(p(n),p(n))| lnmi ≤ pi(n) ≤ lnMi, i =
, ,n ∈K}. Deﬁne the norm
∥∥Yn(s)∥∥ = ∥∥(p(n + s),p(n + s))∥∥ = sup
s∈[–M,]Z
{∣∣p(n + s)∣∣ + ∣∣p(n + s)∣∣},
where (p(n + s),p(n + s)) ∈R, then
‖Yn‖ ≤ B, ‖Zn‖ ≤ B,
where B = A +A. Consider the associate product system of system (B.)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

















Construct a Lyapunov function V (n) = V (n,Yn,Zn) deﬁned on Z+ × S× S as follows:
V (n) = V (n,Yn,Zn)
=














∣∣p(m) – q(m)∣∣. (B.)
It is easy to see that
∣∣Yn() – Zn()∣∣≤ V (n)







{∣∣p(m) – q(m)∣∣ + ∣∣p(m) – q(m)∣∣}
≤
[




{∣∣p(n + s) – q(n + s)∣∣
+
∣∣p(n + s) – q(n + s)∣∣}
= λ‖Yn – Zn‖, (B.)
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where
∣∣Yn() – Zn()∣∣ =√(p(n) – q(n)) + (p(n) – q(n))
≤ ∣∣p(n) – q(n)∣∣ + ∣∣p(n) – q(n)∣∣, (B.)
and λ = + (+M)MD ,D =max{bu kuMM,bukuMM}. Let a,b ∈ C(R+,R+), a(x) = x, b(x) =
λx, so condition () in Lemma . is satisﬁed.
For ∀y, z, y˜, z˜ ∈R, one has
∣∣|y – z| – |y˜ – z˜|∣∣ =
⎧⎨
⎩|y – z| – |y˜ – z˜|, if |y – z| ≥ |y˜ – z˜|,|y˜ – z˜| – |y – z|, if |y˜ – z˜| > |y – z|
≤
⎧⎨
⎩|(y – y˜) + (z˜ – z)|, if |y – z| ≥ |y˜ – z˜|,|(y˜ – y) + (z – z˜)|, if |y˜ – z˜| > |y – z|
≤
⎧⎨
⎩|y – y˜| + |z˜ – z|, if |y – z| ≥ |y˜ – z˜|,|y˜ – y| + |z – z˜|, if |y˜ – z˜| > |y – z|
= |y – y˜| + |z – z˜|. (B.)
Hence, for ∀Yn,Zn, Y˜n, Z˜n ∈ S, by (B.) we have
∣∣V (n,Yn,Zn) –V (n, Y˜n, Z˜n)∣∣
=
∣∣∣∣∣










































∣∣∣∣p(m) – q(m)∣∣ – ∣∣p˜(m) – q˜(m)∣∣∣∣







{∣∣p(m) – p˜(m)∣∣ + ∣∣q(m) – q˜(m)∣∣}








{∣∣p(m) – p˜(m)∣∣ + ∣∣q(m) – q˜(m)∣∣}
≤
[




{∣∣p(n + s) – p˜(n + s)∣∣ + ∣∣p(n + s) – p˜(n + s)∣∣
+
∣∣q(n + s) – q˜(n + s)∣∣ + ∣∣q(n + s) – q˜(n + s)∣∣}
≤ λ(‖Yn – Y˜n‖ + ‖Zn – Z˜n‖), (B.)
where λ =  + (+M)MD , D = max{bu kuMM,bukuMM}. Condition () in Lemma . is
also satisﬁed.
Using the mean-value theorem, we derive that





epi(n–p) – eqi(n–p) = ηi(n – p)
(
pi(n – p) – qi(n – p)
)
, (B.)
i = , , where ξi(n) lies between epi(n) and eqi(n) and ηi(n–p) lies between epi(n–p) and eqi(n–p),
respectively. So, mi ≤ ξi(n),ηi(n – p)≤Mi, n ∈ Z+.
In view of system (B.) together with (B.) and (B.), we have
∣∣p(n + ) – q(n + )∣∣ + ∣∣p(n + ) – q(n + )∣∣
=







































































































∣∣p(n – p) – q(n – p)∣∣ + bu kuMM(M + )∣∣p(n) – q(n)∣∣
+




∣∣p(n – p) – q(n – p)∣∣ + bukuMM(M + )∣∣p(n) – q(n)∣∣




∣∣p(n – p) – q(n – p)∣∣
+




∣∣p(n – p) – q(n – p)∣∣. (B.)
Based on (B.), we calculate the diﬀerence of V along the solution of system (B.)
V(B.)(n) = V (n + ) –V (n)
=
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–


















∣∣p(n – p) – q(n – p)∣∣
+



































{∣∣ – a(n)ξ(n)∣∣ + (bu ku + buku )MM(M + )
+ auM – 
} · ∣∣p(n) – q(n)∣∣
+
{∣∣ – a(n)ξ(n)∣∣ + (bu ku + buku )MM(M + )
+ auM – 
} · ∣∣p(n) – q(n)∣∣
≤ –{ –max(∣∣ – alm∣∣, ∣∣ – auM∣∣) – (bu ku + buku )(M + )MM
– auM




(∣∣ – alm∣∣, ∣∣ – auM∣∣) – (bu ku + buku )(M + )MM
– auM
} · ∣∣p(n) – q(n)∣∣




) + (p(n) – q(n))
= –θ
(∣∣Yn() – Zn()∣∣), (B.)
where θ = min{ – max(| – alm|, | – auM|) – (bu ku + buku )(M + )MM – auM,
 –max(| – alm|, | – auM|) – (bu ku + buku )(M + )MM – auM} is a positive con-
stant. Let c ∈ C(R+,R+), c(x) = θx, thus condition ()′ in Remark . is satisﬁed. Based
on Lemma . and Remark ., there exists a unique uniformly asymptotically stable al-
most periodic solution (p(n),p(n)) of system (B.), that is, there is a unique uniformly
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asymptotically stable positive almost periodic solution (x∗ (n),x∗(n)) of system (.) which
satisﬁes mi ≤ x∗i (n)≤Mi, i = , , for all n ∈K. The proof is complete.
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